ON THE ENDOMORPHISM SEMIGROUP (AND CATEGORY) OF BOUNDED LATTICES G. GRATZER AND J. SICHLER
Recently, a large number of papers have been published on the representations of a semigroup with identity (i.e., a monoid) as the endomorphism semigroup of algebras and relational systems of various kinds. For instance Z. Hedrlίn and J. Lambek showed that every monoid can be represented as the endomorphism semigroup of a semigroup.
Conspicuously missing from the list of algebras for which theorems of this type can be proved are lattices. The reason for this is that any constant map is a lattice endomorphism, and therefore endomorphism semigroups of lattices are very special. For partially ordered sets one can eliminate constant maps as endomorphisms by considering only those maps φ that satisfy x < y implies xφ < yφ (Z. Hedrlίn and R. H. McDowell) ; however, this would not be a very natural condition to impose on lattice endomorphisms.
The approach of this paper 1 is to consider bounded lattices only, that is, lattices with smallest element 0 and largest element 1, and as endomorphisms to admit only those lattice endomorphisms that preserve 0 and 1 (i.e., keep 0 and 1 fixed; this amounts to considering 0 and 1 as nullary operations). Such endomorphisms are usually called {0, l}-endomorphisms but they are called simply endomorphisms in this paper.
The first result is that every monoid is isomorphic to the monoid of all endomorphisms of a bounded lattice.
One can also consider lattices with complementation <L; Λ, V, '>, where ' is a complementation, that is, for every ae L, a A a' -0 and a v a' = 1. For such algebras an endomorphism is a lattice endomorphism φ that preserves ', that is, (aφ) f = a'ψ for all aeL. Every lattice with complementation is bounded, and any such endomorphism preserves 0 and 1.
The second result is that every monoid is isomorphic to the endomorphism semigroup of a lattice with complementation.
Both these results are consequences of much stronger theorems proved in this paper.
The proofs use some nontrivial graph theoretic and lattice theoretic results. For the reader's convenience, these are described in detail in § § 2 and 3. Bounded lattices are dealt with in § 4, and lattices with complementation in § 5. Some further results and THEOREM 
Every category of algebras is isomorphic to a full subcategory of G.
In more detail, this states the following. Let K be a class of algebras of a fixed type (see, e.g., [2] ), and let K also denote the category whose objects are the algebras in K and the morphisms are all homomorphisms. A functor F.K-+G assigns to every algebra SIGX a graph F{%) and to every homomorphism φ of 31 into S3 (21, 35 e K) a compatible map F{φ) 'of F{%) into F(33) [such that if φψ = a, then F{φ)F(ψ) = F(a). A functor F is called a full embedding if F is one-to-one on objects, one-to-one on morphisms, and, in addition, it is full, that is, every morphism ψ:
Using these concepts Theorem 1 can be restated as follows: There exists a full embedding of K into G for every category K of algebras.
Since every monoid M can be represented as the endomorphism semigroup of some algebra (see, e.g., [2] ; the algebra can be constructed on the set M by defining as operations left multiplications by elements of M), Theorem 1 contains as a special case the statement that every monoid can be represented as the semigroup of all compatible maps of a graph <(X; Ry into itself, where <X; R) satifies (1) and (2) . Let n be a cardinal. We identify cardinals with initial ordinals. A lattice with xx-complementations is an algebra <L; Λ, V, 0, 1, c 0 , c u , c r ,
where <X; Λ, V, 0, Γ> is a bounded lattice and for each 7<π, aeL, c r (a) is a complement of α. We shall denote by L n the category whose objects are lattices with n complementations satisfying conditions (3)- (5):
The morphisms of L n are lattice homomorphisms φ preserving all
For a bounded lattice L set 
Let L be the bounded lattice freely generated by M\jA, and denote by Θ[C] the smallest congruence relation on L satisfying ( 7 ) {α, b} e C implies that aΛb = 0 (Θ[C\) and aVb = 1(Θ[C]). Let M(A, C) = LjΘ[C], and identify aeMU A with the congruence class containing it. Then
4* Full embedding of G into L* In this section we construct 642 G. GRATZER AND J. SICHLER the functor M which is the required full embedding. First we define M on the objects. Let ζX; Ry be a graph in G. We apply Theorem 2 in the following way: let M = {0, 1}, A = X, and C = 22. Then L is the free bounded lattice L(X) generated by X. M(X, R) has the following properties by Theorem 2:
(14) lSl(I,fi);
To define M on morphisms, let φ\ X~-+ Y be a compatible map from <X, Ry into <F; S> in 6?. Then φ has a natural extension to [2, Th. 11.4 
]) there is a unique homomorphism M(φ) such that L(φ)π(Y, S) = π(X, R)M(φ).
We define ikf(<p) to be the value of M at φ.
It is easy to check that M is a functor from G into L, and M is one-to-one on objects. Since X ξΞ: M(X, R), and M(φ) restricted to X is φ, we get that M is one-to-one on morphisms.
To prove that M is full, let ψ be a homomorphism of M(X, R) into ikf(F, S). Take xeX; we wish to show that xψeY.
Recall that by (1) and (16) Now we proceed with a formal construction of the functor N n . Recall that tt is identified with the initial ordinal of cardinality n, hence n is a set of ordinals. Let E n denote the set of all finite subsets of tt. For a>be E n let a + b denote the symmetric difference. We define a graph <£ Identifying aeM Q -{0,1} with <α, 0> we can apply Theorem 2 to Mo, (Af 0 -{0,1}) x (E n -{0}), and CΊ; to see that we only have to check (6) Then we form the set (Mi --4<) U (A { x £/ n ); by identifying ae A with <α, 0>, Mi is a subset of this set. Define C ί+1 = (Kα, e x >, <(α, e 2 )>} | α e -A<, {β x , β 2 } e D n }. Again we apply Theorem 2 to M i9 (A* -{0}) x J^n, and C i+1 , getting the lattice M i+ι . We define c α (αetι) as a partial unary operation on M i+1 as follows: for the complemented elements of M t we have already defined c a ; if x e M i9 but x is not complemented, then x e A t and we set c a (x) -ζx, {α})>; in general c a (ζx, β» = <cc, ε β (e)>. This defines c α for all complemented elements of M i+1 . Let M ί+1 denote the M i+ι with all the c α .
Finally, we set
Mi, c a is fully defined on M ω . Thus M ω is a bounded lattice with π complementations. It is clear from (17)
The next task is to construct N n on morphisms. To facilitate this we need a special case of a result of [4], which we shall give as a corollary to Theorem 2: This completes the definition of N n . To show that N n is a functor one can use a direct computation or employ an argument similar to the one we used for M. Namely, one can represent N n {ζX) iZ» as a quotient structure F(X, R)/Θ [R] , where F(X, R) is the free m-complemented lattice generated by M(X, R) and Θ[R] is the smallest congruence relation forced by (3) and (4). (Note that (5) will be satisfied by F(X, R)/θ [R] .) Then we get N n (φ) by a diagram similar to the one in §4 which implies that N n is a functor.
N n is one-to-one on objects and maps since X generates N n ((X; iζ>). It remains to show that N n is full. Let 9 be a homomorphism of N n (ζX; lζ>) into iV n (<(Y; S» just as in §4 it is enough to show that Xφ £ Y. Every xe X lies on a cycle of complementary pairs of length seven. Hence xφ lies on a quotient of a cycle of length seven, which is either a cycle of length seven, and in this case xφeY by (21), or the quotient contains a cycle of length 3 or 5, contradicting (2) 6. Concluding remarks* Utilizing the fact that | M(X, R) \ = I X\ provided that | X\ is infinite, and that | N n (X, R) | = | X\ provided that I X| ^n + y^0 we can combine Theorems 3 and 4 with the results of [9] to get the number of nonisomorphic objects in L and L n with a given endomorphism semigroup. THEOREM 
Let S be a monoid with p elements and let m be an infinite cardinal with m^p.
Then there are exactly 2 m pairwise nonisomorphic bounded lattices (and bounded lattices with n complementation satisfying (3)- (5), provided that n ^ m) of cardinality m whose endomorphism semigroup is isomorphic to S.
Note that Theorem 5 includes the statement that S can be represented as an endormorphism semigroup of arbitrarily large bounded lattices.
The method of this paper is not applicable, however, to get results on the endomorphism semigroups of lattices of finite length. Indeed, ikf(X, R) and N n (X, R) are of infinite length unless <X; R> is very close to the complete graph. A new method to deal with this problem is proposed in [10] which yields, for instance, that every group is isomorphic to the endormorphism semigroup of a lattice of finite length (which also happens to be complemented).
Note that the functors M and N n take onto maps to onto maps, but almost none of the one-to-one maps are carried into one-to-one maps. PROBLEM 1. Characterize the endomorphism semigroups of lattices of finite length. PROBLEM 2. For what categories K of algebras does there exist a full embedding of K into L and L n which takes one-to-one maps into one-to-one maps. Could such full embeddings be constructed that take onto maps to onto maps? PROBLEM 3. Characterize the endomorphism semigroups of complemented lattices. 
